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ABSTRACT 9 
A constitutive soil model that was originally developed to model liquefaction and cyclic 10 
mobility has been updated to comply with the established guidelines on the dependence of 11 
liquefaction triggering to the number of loading cycles, effective overburden stress (K), and static 12 
shear stress (K).  The model has been improved with new flow rules to better capture contraction 13 
and dilation in sands and has been implemented as PDMY03 in different computational platforms 14 
such as OpenSees finite-element, and FLAC and FLAC3D finite-difference frameworks.  This 15 
paper presents the new modified framework of analysis and describes a guideline to calibrate the 16 
input parameters of the updated model to capture liquefaction triggering and post-liquefaction 17 
cyclic mobility and the accumulation of plastic shear strain.  Different sets of model input 18 
parameters are provided for sands with different relative densities. Model responses are 19 
examined under different loading conditions for a single element. 20 
Keywords: Liquefaction; Constitutive modeling; Plasticity; Triggering; Cyclic mobility 21 
22 
1. INTRODUCTION23 
Soil liquefaction has been shown to be a major cause of damage to structures in past 24 
earthquakes.  Several constitutive models have been developed to capture various aspects of 25 
flow liquefaction and cyclic mobility such as Manzari and Dafalias (1997), Cubrinovski and 26 
Ishihara (1998), Li and Dafalias (2000), Byrne and McIntyre (1994), and Papadimitriou et al. 27 
(2001) to name a few.  Simulating soil liquefaction using numerical models offers several 28 
challenges including: (a) reasonably capturing triggering of liquefaction or the rate of pore-water-29 
pressure (PWP) generation for sands with different relative densities under various levels of shear 30 
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stress, effective overburden stress and static shear stress, and (b) post-liquefaction cycle-by-31 
cycle accumulation of shear and volumetric strains. 32 
A constitutive model was developed within classical multi-surface plasticity formulation by 33 
using a mixed stress- and strain- space yield domain to reasonably capture soil liquefaction and 34 
specifically replicate the large shear strains that occur at minimal change in stress state in 35 
laboratory results (Parra 1996; Yang and Elgamal 2000).  This model was implemented into a 36 
solid-fluid fully-coupled OpenSees finite element (FE) framework (Chan 1988; Parra 1996 and 37 
Mazzoni et al. 2009).  The first version of the multi-yield surface pressure dependent model 38 
(PDMY) was developed primarily to capture post-liquefaction cyclic softening mechanism and the 39 
accumulation of plastic shear deformations.  The previous calibration was performed against a 40 
dataset of laboratory and centrifuge tests and the model parameters were provided for sands with 41 
different relative densities in Yang et al. (2003) and Elgamal et al. (2003).  The original 42 
experimental dataset was rather limited in terms of pore-water-pressure build up; therefore, 43 
liquefaction triggering was not the primary focus in the development of the original constitutive 44 
model and the calibration was performed including engineering judgment.  Since new data and 45 
established procedures that have been under development in the past 30 to 40 years have 46 
become available, it became possible to make updates to the constitutive model to capture factors 47 
that affect triggering of liquefaction, as will be explained in the following paragraphs. 48 
Various studies employing different analytical or experimental methods have been 49 
performed in recent years that provide insights on factors that affect triggering of liquefaction. 50 
Laboratory tests have shown the effect of number of loading cycles on the cyclic shear strength 51 
of sands (e.g. Yoshimi et al, 1984). Laboratory tests, case histories and theoretical studies using 52 
critical-state soil mechanics suggest that the cyclic shear strength of sands against the triggering 53 
of liquefaction is affected by the effective overburden stress characterized by the K factor (e.g. 54 
Boulanger 2003a). Furthermore, laboratory tests have shown that the cyclic resistance of sands 55 
against the triggering of liquefaction is affected by initial static shear stress which is often 56 
characterized by the K factor (Harder and Boulanger 1997; Boulanger 2003b).  To be able to 57 
capture these effects in the model response, the contraction and dilation equations in the 58 
constitutive model were updated with a new set of equations. Specific attention was given to 59 
capture the dependency of liquefaction triggering on the number of loading cycles, effective 60 
overburden stress, and initial static shear stress.  We took a model that had certain strengths in 61 
capturing post-liquefaction cyclic softening and strain accumulation, and updated it into a practical 62 
tool that can reliably capture the rate of pore-water-pressure generation, triggering of liquefaction 63 
at different number of loading cycles, overburden stress (K and static shear stress (K in both 64 
2D and 3D applications. 65 
This paper presents the basic formulation of the new model and provides calibrated 66 
parameters for sands with different relative densities. The focus of this paper is to show how the 67 
new model can capture the effects of various factors discussed above on liquefaction triggering.  68 
Despite the many input parameters required by the model, the calibration is developed with a goal 69 
to derive model input parameters using minimal data available to user (i.e. the relative density) 70 
and filling the gaps using design correlations. The calibration process has been primarily based 71 
on the correlations proposed by Idriss and Boulanger (2008) for liquefaction triggering curves.  A 72 
similar calibration process can be followed when lab data are available or if other triggering 73 
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correlations are chosen.  The model responses are illustrated for single-element simulations 74 
under undrained-cyclic loading conditions. 75 
The updated model has been implemented in OpenSees finite-element, and FLAC and 76 
FLAC3D finite-difference frameworks as PDMY03. The results shown in this paper are created 77 
using OpenSees framework; however, similar results can be obtained using FLAC or FLAC3D.  78 
The source code for this model is available in public domain as part of the OpenSees 79 
computational framework (http://opensees.berkeley.edu). A user manual, a library of example 80 
files, element drivers and post-processors are available and maintained at http://soilquake.net/. 81 
In FLAC, the solid domain is discretized by a finite difference mesh consisting of 82 
quadrilateral elements or zones (Itasca 2011). Each element is subdivided internally by its 83 
diagonals into two overlaid sets of constant-strain triangular sub-elements or subzones (resulting 84 
in four sub-elements in total for each quadrilateral element).  FLAC employs a “mixed 85 
discretization technique” (Marti and Cundall 1982) to overcome the mesh-locking problem: The 86 
isotropic stress and strain components are taken to be constant over the whole quadrilateral 87 
element, while the deviatoric components are maintained separately for each triangular sub-88 
element (Itasca 2011). Similarly, the above-mentioned mixed discretization approach is also 89 
applied in FLAC3D (Itasca 2013) where each 8-node hexahedral element or zone is subdivided 90 
into 10 tetrahedral sub-elements.  91 
In the soil model implementation, each sub-element (analogous to a Gauss integration 92 
point in Finite Element method) is treated independently.  A complete set of soil modeling 93 
parameters including stress state and yield surface data is maintained separately for each sub-94 
element. At each time step, the soil model is called to obtain a new stress state for each sub-95 
element given the strain increments of the sub-elements. 96 
For FLAC and FLAC3D, site response simulations (shear beam-type response) have 97 
shown that the stress state of subzones of any given element were virtually identical and similar 98 
to the overall averaged FLAC/FLAC3D response for the element. However, further work might be 99 
required to enforce additional constraints on the sub-zone responses for general scenarios of 100 
2D/3D soil and soil-structure interaction responses as highlighted in the works of Andrianopoulos 101 
et al. (2010), Ziotopoulou and Boulanger (2013), and Beaty (2018). This effort is currently 102 
underway. 103 
Originally, the soil modeling code was implemented in OpenSees (written in Visual C++). 104 
The implementation in FLAC and FLAC3D mainly involved the addition of interfaces between FLAC 105 
(or FLAC3D) and the existing OpenSees soil model code. It was verified that similar results are 106 
obtained using FLAC, FLAC3D and OpenSees for the implemented model. As such, the soil 107 
constitutive model has been compiled as a dynamic link library (DLL) with corresponding versions 108 
for FLAC (Versions 7 and 8) and FLAC3D (Versions 5 and 6). 109 
2. CONSTITUTIVE MODEL FORMULATION 110 
Based on the original multi-surface plasticity framework of Prevost (1985), the model 111 
incorporates a non-associative flow rule and a strain-space mechanism (Yang et al. 2003; 112 
Elgamal et al. 2003) in order to reasonably simulate cyclic mobility response features.  This 113 
section will briefly define the components of the material plasticity including yield function, 114 
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hardening rule and flow rule.  Further details on model formulations are provided in Yang and 115 
Elgamal (2000) and Yang et al. (2003). 116 
 117 
2.1 YIELD SURFACE 118 
The yield function in this model is defined as conical shape multi-surfaces with a common 119 
apex located at the origin of the principal space (Figure 1).  The outermost surface defines the 120 
yield criterion and the inner surfaces define the hardening zone (Iwan 1967; Mroz 1967; Prevost 121 
1985).  It is assumed that the material elasticity is linear and isotropic, and that nonlinearity and 122 
anisotropy results from plasticity (Hill 1950).   123 
The model is implemented in the octahedral space and it is important to differentiate the 124 
horizontal plane shear stress (and strain) in 2D modeling from octahedral shear stress (and strain) 125 
in 2D and 3D modeling.  The deviatoric stress is defined in Figure 1 as ?̃? = ?̃?′ − p′?̃? and the second 126 
invariant of deviatoric stress tensor is defined as J2 =
1
2
[?̃?: ?̃?].  The octahedral shear stress (τoct) 127 
is defined as:  128 
τoct =
1
√3
√?̃?: ?̃?
=
1
3
√(σ′11 − σ
′
22)
2 + (σ′22 − σ
′
33)
2 + (σ′11 − σ
′
33)
2 + 6σ12
2 + 6σ13
2 + 6σ23
2 
 
(1) 
The yield surfaces are defined by setting the second invariant of the deviatoric stress 129 
tensor to a constant.  In this case the constant is M2p′
2
3⁄  where M defines the size of the yield 130 
surfaces and is related to the soil friction angle for the outermost yield surface.  Consequently, 131 
the conical yield surface equations are defined as: 132 
 3 J2 = M
2(p′ + pres
′ )2 (2) 
where, pres
′  is a small positive constant that defines shear strength at zero effective confining 133 
stress.  This variable will not be repeated in following equations for simplicity.  Combining 134 
Equations 1 and 2 we get the following general relationship: 135 
M =
3 τoct
√2 p′
 (3) 
The parameter M (in the yield surface equation) can be selected to match the shear 136 
strength exhibited in a particular stress path.  The 3D implementation of the equations requires 137 
that the user modifies the input friction angle in order to define any desired level of shear strength 138 
within the range defined by Triaxial compression/extension and/or simple shear.  139 
2.2 MODULUS REDUCTION CURVES (𝐆/𝐆𝐦𝐚𝐱) 140 
The strain vector is divided into deviatoric and volumetric components. The deviatoric 141 
strain is defined in octahedral space as: 142 
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γoct =
2
3
√(ε11 − ε22)
2 + (ε22 − ε33)
2 + (ε11 − ε33)
2 + 6ε12
2 + 6ε13
2 + 6ε23
2 (4) 
Note that 𝜀12 =
1
2
𝛾12, where 𝛾12 is the horizontal shear strain commonly used in 143 
engineering practice.  The relationship between τoct and γoct is defined using the shear modulus. 144 
The shear modulus at small-strains (Gmax) is stress-dependent as defined in the equation below: 145 
Gmax = Gmax,r (
p′
pr
′ )
d
 (5) 
where, Gmax,r is the small-strain shear modulus at the reference effective confining stress (pr
′ ) 146 
specified by the user, d is the stress-dependency input parameter which is typically selected as 147 
0.5 for sands (Kramer 1996), and p′ is the effective confining stress that usually changes during 148 
undrained loading.  149 
The shear modulus reduction curves (G/Gmax curve) are defined either by the code-150 
generated hyperbolic (backbone) curve, or by a user-defined modulus-reduction curve. The code-151 
generated hyperbolic curve is adequate for modeling liquefaction where the soil responses in 152 
undrained-cyclic conditions.  For modeling the drained-cyclic behavior (such as total-stress site-153 
response analysis) the user-defined modulus-reduction curves may be more suitable to obtain 154 
the desired hysteretic loops. The shape of the code-generated hyperbolic curve is stress 155 
dependent as defined in the equation below: 156 
τoct =
Gmax
1 +
γoct
γr
(
pr
′
p′
)
d
 (γoct) 
(6) 
where, Gmax is the small-strain shear modulus at an effective confining stress p′, and pr
′  is the 157 
reference effective confining stress defined previously. Parameter d is a model input parameter 158 
that defines the change in the shape of the backbone curve with respect to the effective confining 159 
stress (this is the same parameter defined above that defines the dependency of Gmax to the 160 
effective confining stress). γr is an internally-calculated shear strain to define the shape of the 161 
backbone curve.  162 
Alternatively, the model provides the flexibility to manually define the shear stress-strain 163 
relationship by specifying the modulus reduction curve in a form of pairs of G/Gmax and γ12.  164 
Methods to define strength compatible modulus reduction curves are described in detail in 165 
Gingery and Elgamal (2013). 166 
 167 
2.3 HARDENING RULE 168 
Following Mroz (1967) and Prevost (1985), a purely deviatoric kinematic hardening rule 169 
was employed to generate hysteretic response. This rule maintains the Mroz (1967) concept of 170 
conjugate-points contact, with slight modifications in order to enhance computational efficiency 171 
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(Parra 1996, Elgamal et al. 2003).  For drained cyclic shear loading, this means that the model 172 
essentially exhibits Masing loading/unloading behavior. 173 
 174 
2.4 FLOW RULE 175 
The flow rule equations (contraction and dilation) in the original model were developed 176 
primarily to capture the cyclic mobility mechanism including the accumulation of post-liquefaction 177 
plastic shear strains and the subsequent dilative phases observed in liquefied soil response. The 178 
new updates to the flow rules enable the user to better control the rate of pore-water-pressure 179 
generation and subsequently the triggering of liquefaction.   180 
Plastic strain increments are defined using outer normal tensors to the yield surface (?̃?) 181 
and to the plastic potential surface (?̃?).  These normal tensors are decomposed into deviatoric 182 
and volumetric components, giving ?̃? = ?̃?′ + Q′′?̃? and ?̃? = ?̃?′ + P′′?̃?, where ?̃?′ and ?̃?′ are the 183 
deviatoric components, and Q′′?̃? and P′′?̃? are the volumetric components (Prevost 1985).  In this 184 
model, the deviatoric component of the plastic strain increment follows an associative flow rule 185 
(?̃?′ = ?̃?′); while, the volumetric component of the plastic strain increment follows non-associative 186 
flow rule (P′′ ≠ Q′′). 187 
Consequently, P′′ is defined distinctively based on the relative location of the stress state 188 
with respect to the Phase Transformation (PT) surface, 𝜂, defined as 𝜂 = √3(?̃?: ?̃?) 2⁄ /𝑝′.  189 
Similarly, 𝜂𝑃𝑇 is defined as the stress ratio along the PT surface.  It follows that the value of 𝜂 and 190 
the sign of ?̇? (the time rate of 𝜂) determine distinct contractive and dilative behavior of material 191 
under shear loading, as described in the next two sections. 192 
 193 
2.4.1 Contractive Phase 194 
Shear-induced contraction occurs inside the PT surface (𝜂 < 𝜂𝑃𝑇), as well as outside (𝜂 >195 
𝜂𝑃𝑇) when ?̇? < 0.  The adopted sign convention is such that normal stresses are positive in 196 
compression.  The contraction flow rule is defined as: 197 
P′′ = −C (1 − sign(?̇?)
𝜂
𝜂𝑃𝑇
)
2
(ca + εccb) (
p′
patm
)
cc
 (7a) 
 
C = [1 + (𝑐d ∙ |𝐶𝑆𝑅 − 𝐶𝑆𝑅0|)
3] × [1 + 𝑐e ∙ 𝐶𝑆𝑅0]
2 
(7b) 
 
CSR =
√𝜏122 + 𝜏232 + 𝜏132
𝑝0′
 (7c) 
where, ca to ce are model input parameters. εc is a non-negative scalar that represents the 198 
accumulative volumetric strain (it increases by dilation and decreases by contraction).  The term 199 
εccb is a means to account for the fabric damage in a simplified approach, i.e. a strong dilation 200 
results in higher contraction in the subsequent unloading cycle.  This behavior is observed in 201 
© 2018.  
This manuscript version is made available under the CC-BY-NC-ND 4.0 license http://creativecommons.org/licenses/by-nc-nd/4.0/
7 
 
experiments and is accounted for in various degrees of robustness in other similar constitutive 202 
models (Dafalias and Manzari 2004; Papadimitriou et al. 2001). The C parameter encapsulates 203 
new updates to capture the effects of the number of loading cycles and the static shear stress, 204 
which will be described later in this section. The ca and cb parameters were in the original model. 205 
To preserve the continuity with the original model we kept the shape of the equation.  206 
The effect of input parameter ca on the contraction rate is shown in Figure 2 for an 207 
undrained cyclic simple shear simulation on a single element. Stronger contraction results in 208 
faster pore water pressure build-up and larger reduction in the vertical effective stress.   209 
The effect of input parameter cb on the contraction rate is shown in Figure 3 for an 210 
undrained cyclic simple shear simulation.  The first dilation is denoted in the figure.  In the case 211 
where fabric damage is activated (i.e. cb = 5.0) the accumulated volumetric strain (εc) in the first 212 
dilation results in a more contractive behavior in the subsequent unloading cycle.  213 
One of the main improvements to the original model was made by incorporating the effects 214 
of effective overburden stress on the contraction rate, also known as the kσ effect.  This effect is 215 
controlled through an input parameter cc and is shown in Figure 4.  A sample with higher initial 216 
effective overburden stress (𝜎′𝑣𝑜 = 800𝑘𝑃𝑎) tends to be more contractive compared to a sample 217 
with smaller initial effective overburden stress (𝜎′𝑣𝑜 = 100𝑘𝑃𝑎) when subjected to the same shear 218 
stress ratio (𝜏12/𝜎
′
𝑣𝑜) in an undrained simple shear simulation.   219 
Additional improvements to the constitutive model were made by introducing parameter C 220 
to the contraction equation as shown in Equations 7b and 7c. The variables CSR and CSR0 are 221 
the shear stress ratios, and P՛0 is the initial mean effective stress. The index “0” in these variables 222 
denotes the initial value of the variables before the application of cyclic shear stress (after 223 
consolidation).  224 
It is common to calibrate input parameters of the model to liquefy at a shear stress ratio 225 
corresponding to earthquake magnitude M=7.5 and effective overburden stress σv՛=1 atm 226 
(CSRM=7.5,σv՛=1atm) .  This will anchor the CSR versus number of loading cycles curve to the point 227 
corresponding to the desired CSR and 15 uniform cycles (as shown for the two curves in Figure 228 
5). The experimental data show that the b-value of the power fit for curves in Figure 5 should be 229 
approximately 0.34 for undisturbed frozen samples of clean sands (Yoshimi et al. 1984; Idriss and 230 
Boulanger 2008). The original model was found to have a b-value close to 0.52 (the curve with 231 
the flag parameter set to “off” or cd = 0 in Figure 5). The model response was improved in the 232 
updated model by introducing the first term on Equation 7b (controlled by input parameter cd). 233 
The updated model response has a b-value close to 0.33 (the curve with the flag parameter set 234 
to “on” or cd = 16 in Figure 5). It needs to be mentioned that other experimental studies on 235 
reconstituted sand samples suggest that the b-values can be much smaller than 0.34 (e.g. Silver 236 
et al. 1976 and Toki et al. 1986). Calibration for such a lower b-value can be performed with a 237 
possible change of the exponent “3” in Equation 7b. In this regard, additional work in currently 238 
underway. 239 
The original model was also found to be relatively insensitive to the effects of static shear 240 
stress on liquefaction triggering (resulting in a Kα close to unity). The model was updated by 241 
introducing the second term to the flow rule in Equation 7b (controlled by input parameter ce). The 242 
CSR0 term in this equation represents the static shear stress ratio. Comparisons of the Kα 243 
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parameter obtained from the updated model and experimental results are provided later. Since 244 
the additional terms presented in Equation 7b are a function of CSR and CSR0, the model works 245 
well for problems where liquefaction is induced by seismically-induced shear wave propagation 246 
(resulting mainly in cyclic simple shear-type loading). It also captures the effects of the initial static 247 
shear stress (i.e. Kα) for situations of sloping ground.  248 
 249 
2.4.2 Dilative Phase 250 
The dilative phase was developed in the original model to primarily capture cyclic mobility 251 
and post-liquefaction accumulation of shear strain.  The equation for dilation was updated in the 252 
new model to capture the effects of effective overburden stress as shown by parameter dc in the 253 
equation below.  Dilation occurs only due to shearing outside the PT surface (𝜂 > 𝜂𝑃𝑇 and ?̇? > 0).  254 
The dilation flow rule is defined as: 255 
P′′ = (1 − sign(?̇?)
𝜂
𝜂𝑃𝑇
)
2
(da + γd
db) (
patm
p′
)
dc
 (8) 
where, da, db, and dc are the model input parameters.  Variable γd is an octahedral shear strain 256 
accumulated from the beginning of a particular dilation cycle as long as no significant load reversal 257 
happens.  As a result, dilation rate increases as the shear strain in a particular cycle increases.  258 
A significant unloading that leads to dilation in the opposite direction will reset γd to zero. 259 
The effects of input parameter da can be better observed on the shear stress-strain space 260 
in Figure 6.  Decreasing da reduces the dilative tendency and that, in return, increases the 261 
accumulated shear strain per cycle.  Therefore, input parameter da can be used to adjust the 262 
accumulated shear strain per cycle to the desired range. 263 
The effects of input parameter db are shown in Figure 7. The term γd
db in Equation 8 264 
accounts for the fabric damage.  To assess the effects of this factor on strain accumulation it 265 
should be noted that γd is the octahedral shear strain accumulated in a single dilative cycle and 266 
it usually takes a value smaller than 1 in common engineering applications.  Therefore, changing 267 
db from 3.0 to 0.3 increases the term γd
db and results in a stronger dilative tendency which, in 268 
return, results in a smaller shear strain accumulation per cycle. The recommended value for db is 269 
3.0 but the user can change it for a soil-specific calibration. 270 
 271 
2.4.3 Neutral Phase 272 
When the stress state approaches the PT surface (𝜂 = 𝜂𝑃𝑇) from below, a significant 273 
amount of permanent shear strain may accumulate prior to dilation, with minimal changes in the 274 
shear stress and 𝑝′, implying that 𝑝′′ ≈ 0.  For simplicity, this phase is modeled by maintaining 275 
𝑝′′ = 0 during this highly yielding phase, until a boundary defined in the deviatoric strain space is 276 
reached, with subsequent dilation thereafter.  This concept is shown in Figure 8 and is denoted 277 
by phases 4 to 5 and 7 to 8.  This domain will enlarge or translate depending on load history.  The 278 
transformation of yield domain is explained in detail in Yang et al. (2003). 279 
 280 
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3. MODEL CALIBRATION TO ENGINEERING PARAMETERS 281 
The primary focus in the calibration process was to capture earthquake-induced 282 
liquefaction triggering and post-liquefaction cyclic mobility based on empirical or mechanics-283 
based correlations suggested by other researchers for siliceous clean sands.  For a specific type 284 
of sand (e.g., calcareous sand) the model parameters should be calibrated to simulate the desired 285 
response based on experimental results.  In light of relative complexity of the model and input 286 
parameters, the calibration is developed such that the user can extract the input parameters 287 
based solely on relative density (DR) or SPT (N1)60 values for clean sand.  For sands with 288 
significant fines content, the SPT (N1)60 values can be modified using correlations proposed by 289 
others (for example Idriss and Boulanger 2008).  290 
The updated model was calibrated for plane-strain cyclic-undrained conditions.  The 291 
analyses were performed in the OpenSees FE platform using the PDMY03 model.  Table 1 292 
provides the proposed calibrated input parameters for PDMY03 for four different relative densities. 293 
Table 2 provides a brief description for each parameter and the adopted calibration procedure. 294 
 295 
4. MODEL RESPONSES 296 
This section presents an element-level response of the model under undrained cyclic 297 
shear loading conditions.  The simulations are performed for a range of different relative densities, 298 
cyclic stress ratios, effective overburden stresses, and static shear stresses.  The results are used 299 
to show the model’s response against design relationships that are typically used to characterize 300 
and evaluate the dependence of liquefaction triggering to various factors such as the number of 301 
loading cycles, overburden effective stress, and static shear stress.   302 
 303 
4.1 EXAMPLE MODEL RESPONSE IN UNDRAINED CYCLIC LOADING  304 
Example element-level responses of cyclic simple shear tests (DSS) in undrained 305 
conditions are presented in this section. The analyses were performed in OpenSees FE platform 306 
with 9-4-QuadUP elements. The responses are shown for the Gauss integration point in the 307 
middle of the element. As described earlier, the contraction flow rule of the model was updated to 308 
account for the effects of initial static shear stress. This was achieved by incorporating the initial 309 
shear stress ratio in the contraction flow rule equation (i.e. CSR0 in Equation 7b). In a DSS 310 
simulation, a non-zero initial shear stress can be induced due to a locked-in horizontal shear 311 
stress (𝜏𝑥𝑦,0) to represent a sloped ground. The element was first consolidated under a vertical 312 
stress and drained conditions with boundaries fixed horizontally. The Poisson’s ratio was set to 313 
0.33 resulting in lateral earth pressure of K0 = 0.5 during the gravity application.  Subsequently, 314 
the element was subjected to shear cyclic loading. To simulate undrained conditions, the 315 
permeability was set sufficiently low to avoid drainage during shear loading (i.e. 1e-8 m/s).  The 316 
automatically generated modulus reduction curves (G/Gmax) were adopted in these analyses.  317 
Figure 9 shows representative simulation results of an undrained cyclic shear loading on a sand 318 
with (N1)60=5 under the effective confining stress of 1 atm and no static shear stress (=0).  The 319 
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element is subjected to a cyclic shear stress ratio (CSR) of 0.09 which results in a single-amplitude 320 
shear strain of 3% after 15 cycles.  321 
 322 
4.2 RATE OF EXCESS PORE WATER PRESSURE GENERATION IN UNDRAINED 323 
LOADING 324 
Figure 10 shows the normalized excess pore water pressures for different relative 325 
densities as a function of normalized number of loading cycles.  Also shown in this figure is the 326 
range of experimental observations reported by Lee and Albaisa (1974).  The model response is 327 
reasonably bounded by the experimental data.  328 
 329 
4.3 EFFECTS OF NUMBER OF LOADING CYCLES ON LIQUEFACTION TRIGGERING 330 
Figure 11 shows the cyclic stress ratio (CSR) to trigger liquefaction versus the number of 331 
loading cycles in undrained cyclic shear simulations. The results are shown for sands with (N1)60 332 
values of 5, 15 and 25 (corresponding to relative densities (DR) of 33, 57 and 74%) under confining 333 
effective stress of 1 and 8 atm.  The CRR is defined here as the ratio of horizontal shear stress 334 
(12) to effective vertical stress (’vo).  The criterion for triggering of liquefaction is defined in this 335 
study as the moment at which a single-amplitude shear strain of 3% is reached.  The model was 336 
calibrated to trigger liquefaction in 15 loading cycles at the CRR values estimated from the 337 
correlations by Idriss and Boulanger (2008) and a vertical effective stress of ’vo=1 atm.  Also 338 
shown in this figure are the simulation results for the effective vertical stress of ’vo=8 atm.  The 339 
reduction in CSR due to a higher effective overburden stress is known as the K effect which is 340 
discussed in the next section. Each curve in Figure 11 is fitted with a power function (CSR = a.N-341 
b). The power (b-value) is shown for each curve ranging from 0.29 to 0.35.  Experimental data 342 
suggest that the typical values for the power (b-value) should be approximately 0.34 for 343 
undisturbed frozen sand samples (Yoshimi et al. 1984). The updated contraction equation results 344 
in a reasonable agreement between the b-values from simulations and experiments.  345 
 346 
4.4 EFFECTS OF EFFECTIVE OVERBURDEN STRESS ON LIQUEFACTION TRIGGERING 347 
(K) 348 
The dependence of CRR to the effective overburden stress is characterized by K which 349 
is defined as 𝐾𝜎 = 𝐶𝑅𝑅𝜎′𝑣 𝐶𝑅𝑅𝜎′𝑣=1𝑎𝑡𝑚⁄ .  Figure 12 shows K from simulation results for effective 350 
overburden stresses ranging from 1 to 8 atm for sands with (N1)60 values of 5, 15 and 25.  The 351 
recommended values by Idriss and Boulanger (2008) are also shown in this figure.  As implied 352 
from this figure, the model response is in good agreement with the recommended values across 353 
a wide range of effective overburden stress.  354 
 355 
4.5 EFFECTS OF STATIC SHEAR STRESS ON LIQUEFACTION TRIGGERING (K) 356 
The influence of the static shear stress on liquefaction resistance is typically accounted 357 
for by a correction factor called K defined as 𝐾𝛼 = 𝐶𝑅𝑅𝛼 𝐶𝑅𝑅𝛼=0⁄  (Seed and Idriss 1982).  The 358 
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in-situ static shear stresses are usually induced from sloped grounds. The majority of 359 
experimental studies on the K effects are performed using DSS tests with locked-in horizontal 360 
shear stresses (e.g. Harder and Boulanger 1997). Some experiments are also performed using 361 
Triaxial tests with anisotropic conditions (e.g. Vaid and Chern 1985). The K factors in this study 362 
were evaluated in the context of locked-in static shear stress in simple shear simulations to 363 
represent the response of sloped ground. Model simulations were performed for a range of static 364 
shear stress ratios () under vertical effective stress of ’vo=1 atm and the K factors were 365 
subsequently generated for a range of relative densities.  In each simulation, the vertical 366 
confinement and static shear stress were first applied statically under drained conditions. 367 
Thereafter, the element was subjected to undrained cyclic loading with CSR adjusted such that it 368 
would reach 3% single-amplitude shear strain in 15 cycles.  369 
The K factors derived from simulations are shown in Figure 13. Also shown in this figure 370 
are experimental results from Harder and Boulanger (1997).  It is observed that, in general, an 371 
increase in the static shear stress ratios () results in a decrease in K for loose sands and an 372 
increase for dense sands. In other words, as the ground slope increases, loose sands will become 373 
more contractive and dense sand will become less contractive (more dilative). The K factor can 374 
be adjusted using the input parameter ce. Experimental and numerical studies have shown that 375 
K could be dependent to the effective overburden stress as well (Boulanger 2003b; Ziotopoulou 376 
and Boulanger 2016). However, the current implementation of PDMY03 does not directly account 377 
for this dependency. Future updates are possible to be implemented once sufficient laboratory 378 
data is available on the dependency of K to the effective overburden stress. 379 
 380 
5. CONCLUSIONS 381 
The pressure-dependent multi-yield surface constitutive model was originally developed 382 
to capture cyclic mobility and post-liquefaction accumulation of shear strains. This paper presents 383 
new updates to the constitutive model to capture the effects of various parameters on triggering 384 
of liquefaction including the effects of the number of loading cycles, the effective overburden 385 
stress (K effects), and the initial static shear stress (K effects).  The model has been improved 386 
with new flow rules to better simulate contraction and dilation induced by shear strains in soils, 387 
thereby more accurate modeling of liquefaction in sandy soils. The model has been implemented 388 
in 2D and 3D numerical platforms in OpenSees finite-element, and FLAC and FLAC3D finite-389 
difference frameworks. 390 
The updated model has been calibrated based on design relationships for a range of 391 
relative densities for sand.  Despite many input parameters that characterize the complex 392 
response of the constitutive model, different sets of input parameters are provided for generic 393 
response based on simple data available to designers, i.e. relative density of sand. The model 394 
parameters are calibrated for typical siliceous Holocene sands with different relative densities and 395 
are provided for cases where site-specific experimental data is not available.   396 
This paper describes the basics of the plasticity framework of the model and provides 397 
guidelines to calibrate the input parameters of the model to simulate undrained cyclic loading 398 
conditions.  The model responses under high effective overburden stress (K) and static shear 399 
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stress (K) are compared to expected average behavior published by other researchers showing 400 
reasonable agreements. Further developments are needed as new data become available.  401 
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Table 1. Model Input Parameters 
Model parameters Loose Sand 
Medium Dense 
Sand 
Dense Sand 
Very Dense 
Sand 
(N1)60* 5 15 25 35 
Relative density, DR* 33% 57% 74% 87% 
Cyclic resistance ratio, CRRσ′v=1,M=7.5* 0.09 0.16 0.29 N.A. 
Density,   
1.94 
tonne/m3 
1.99 tonne/m3 
2.03 
tonne/m3 
2.06 tonne/m3 
Reference mean effective pressure, p'r 101 kPa 101 kPa 101 kPa 101 kPa 
Small-strain shear modulus at reference 
pressure, Gmax,r 
46.9 MPa 73.7 MPa 94.6 MPa 111.9 MPa 
Maximum shear strain at reference 
pressure, max,r 
0.1 0.1 0.1 0.1 
Bulk modulus at reference pressure, Br 125.1 MPa 196.8 MPa 252.6 MPa 298.3 MPa 
Pressure dependence coefficient, d 0.5 0.5 0.5 0.5 
DSS friction angle, DSS* 30° 35° 40° 45° 
Model friction angle,  25.4° 30.3° 35.8° 42.2° 
Phase transformation angle, PT 20.4° 25.3° 30.8° 37.2° 
Contraction coefficient, ca 0.03 0.012 0.005 0.001 
Contraction coefficient, cb 5.0 3.0 1.0 0.0 
Contraction coefficient, cc 0.2 0.4 0.6 0.8 
Contraction coefficient, cd 16.0 9.0 4.6 2.2 
Contraction coefficient, ce 2.0 0.0 -1.0 0.0 
Dilation coefficient, da 0.15 0.3 0.45 0.6 
Dilation coefficient, db 3.0 3.0 3.0 3.0 
Dilation coefficient, dc -0.2 -0.3 -0.4 -0.5 
Number of yield surfaces, NYS 20 20 20 20 
S0 1.73 kPa 1.73 kPa 1.73 kPa 1.73 kPa 
*These are not input parameters to the constitutive model, but rather parameters computed during model 
calibration.  
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Table 2. Description of Calibration Parameters 
Parameter Description 
(N1)60 Corrected SPT blow counts normalized for overburden stress of 1 atm. 
DR 
Relative density correlated to SPT blow count using DR = √
(N1)60
46
 from Idriss and Boulanger (2008) 
CRRσ′𝑣=1,M=7.5 The cyclic stress ratio to trigger liquefaction under vertical effective stress of 1 atm in 15 uniform 
loading cycles (equivalent number of uniform cycles for a magnitude 7.5 earthquake based on Seed 
and Idriss, 1982).  Triggering of liquefaction is defined here as the moment at which the material 
reaches to a single-amplitude shear strain of 3%.  Liquefaction triggering correlations by Idriss and 
Boulanger (2008) were used in this calibration study: 
CRRσ′𝑣=1,M=7.5 = exp (
(𝑁1)60
14.1
+ (
(𝑁1)60
126
)
2
− (
(𝑁1)60
23.6
)
3
+ (
(𝑁1)60
25.4
)
4
− 2.8) 
pr
′  Reference mean effective pressure at which small-strain shear modulus (Gmax,r) and bulk modulus 
(Br) are specified. It is taken as 101 kPa (1 atm) in this calibration. 
Gmax,r Small-strain shear modulus at the reference mean effective pressure (pr
′ ) of 1 atm. Gmax,r was 
calculated from the shear wave velocity estimates by Andrus and Stokoe (2000) with slight 
modifications for very small blow counts by Ziotopoulou and Boulanger (2013): Vs,σv′ =1 =
85[(N1)60 + 2.5]
0.25 where Vs,σv′ =1 is the shear wave velocity at vertical effective stress of 1 atm. 
Gmax,r was adjusted by a factor of √3 2⁄  to account for the change in confining pressure from Ko =
0.5 to 1.0 using d=0.5 in Equation 5. 
γmax,r
  The octahedral shear strain at failure at the reference mean effective pressure pr
′ .  This parameter 
is set to 0.1 (10%) in this calibration. 
Br
  The bulk modulus at reference pressure (pr
′ ) is derived from the small-strain shear modulus; Br =
(B G⁄ )Gmax,r. The bulk modulus to shear modulus ratio is derived from: (B G⁄ ) =
2(1+ϑ)
3(1−2ϑ)
= 2.6 using 
Poisson’s ratio of ϑ = 0.33 
d  The pressure dependency coefficient defines the dependency of the small-strain shear modulus and 
the shape of the modulus reduction curves to the effective confining stress.  
φDSS Friction angle obtained from direct simple shear (DSS) test. 
φ  
The input friction angle that defines the size of the outermost yield surface. In order to achieve a 
desired shear strength obtained from DSS tests, the input friction angle can be calculated from the 
following equation: 𝜑 = sin−1 [
3 tan(φDSS)
2√3+tan(φDSS)
] 
φPT
  The phase transformation angle is the angle over which the soil behavior changes from contractive 
to dilative (usually a few degrees smaller than the soil friction angle). 
ca
  This parameter is the main input parameter controlling the contraction rate and subsequently the 
pore-water-pressure generation rate (Equation 7a).  This parameter was calibrated to trigger 
liquefaction in 15 loading cycles at a cyclic stress ratio equal to CRRσ′𝑣=1,M=7.5.   
cb
  This parameter accounts for fabric damage. In the absence of reliable laboratory data that quantifies 
fabric damage, this parameter was calibrated in combination with other contraction parameters to 
capture the triggering of liquefaction. 
cc
  This parameter accounts for the overburden stress effect (i.e. Kσ effect). 
cd A new parameter introduced in the updated model to increase (decrease) the rate of contraction for 
large (small) shear stress ratios. This feature can be disabled by setting cd = 0.  
ce A new parameters introduced in the updated model to control the dependency of contraction rate to 
static shear stress ratio and achieve desired K. This feature can be disabled by setting ce = 0. 
da
  This parameter, combined with the difference between φ and φPT, are the primary parameters to 
control the dilation tendency after crossing the PT surface.  da was calibrated to produce the desired 
post-liquefaction shear strain per cycle.  This parameter was calibrated simultaneously with 
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calibrating the model to liquefy at 15 cycles with a goal to produce approximately 1.5%, 1.0%, and 
0.5% post-liquefaction shear strain per cycle for (N1)60 values of 5, 15, and 25 respectively.  
db  This parameter accounts for fabric damage in the dilation equation. In the absence of reliable 
laboratory data that quantifies fabric damage, this parameter was calibrated in combination with 
other dilation parameters to result in the desired post-liquefaction accumulation of shear strain. 
dc
  This parameter accounts for the effects of overburden stress on the dilation rate (i.e. Kσ effect).  
NYS  Number of yield surfaces 
S0
  Shear strength at zero mean effective pressure.  For sands, a post-liquefaction strength of 2 kPa 
was assumed which results in octahedral shear strength equal to 1.73 kPa based on τ12,p′=0 =
2√3
3
S0  
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Figure 1. Conical multi-surface yield criteria in principal stress space 
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Figure 2. Effects of input parameter 𝒄𝐚 on contraction rate 
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Figure 3. Effects of input parameter 𝒄𝐛 (fabric damage) on contraction rate 
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(a)   
(b)  
Figure 4. Effects of overburden stress on contraction rate (𝑲𝝈 effect) for input parameter 𝒄𝐜 =
𝟎. 𝟐; (a) stress path and (b) pore water pressure ratio versus number of shear cycles 
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Figure 5. Effects of input parameter cd on the number of uniform loading cycles to trigger 
liquefaction
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Figure 6. Effects of input parameter 𝒅𝐚 on dilation rate 
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Figure 7. Effects of input parameter 𝒅𝐛 (fabric damage) on dilation rate 
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Figure 8:  Schematic of the neutral phase in model response showing (a) octahedral stress 
 - effective confinement p  response, (b)   - octahedral strain   response, and (c) 
configuration of yield domain. 
 
(c) 
(a) 
(b) 
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Figure 9. Example model response in undrained cyclic simple shear loading for (N1)60=5  
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Figure 10. Model predicted rate of pore pressure generation in DSS simulations for 
different relative densities at σ'vc=100 kPa compared with the range expected from experimental 
observations 
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Figure 11. Cyclic shear stress ratio versus number of uniform loading cycles in undrained 
DSS simulations to trigger liquefaction defined as single-amplitude shear strain of 3% (no static 
shear stress α=0) 
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Figure 12. K relationships derived from model simulations compared to relationships by 
Idriss and Boulanger (2008).   
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Figure 13.  Experimental trends for different (N1)60 values and σ'vc<3 atm from Harder and 
Boulanger (1997) and model generated static shear stress correction factors (K) for σ'vc=1 atm 
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